Given two points of a Generalized Robertson-Walker spacetime, the existence, multiplicity and causal character of geodesics connecting them is characterized. Conjugate points of such geodesics are related to conjugate points of geodesics on the fiber, and Morse-type relations are obtained. Applications to bidimensional spacetimes and to GRW spacetimes satisfying the timelike convergence condition are also found.
Introduction
Recently, geodesic connectedness of Lorentzian manifolds has been widely studied, and some related questions appear with great interest, among them: to determine the existence, multiplicity and causal character of geodesics connecting two points, to study their conjugate points and to find Morse-type relations. These questions have been answered, totally or partially, for stationary or splitting manifolds (see, for example, [Ma] , [BF] , [GMPa] , [GMPT] , [Uh] ). Our purpose is to answer them totally in the class of Generalized Robertson-Walker (GRW) spacetimes.
GRW spacetimes (see Section 2 for precise definitions) are warped products (I × F, g f = −dt 2 + f 2 g) which generalizes Robertson-Walker ones because no assumption on their fiber is done, and they have interesting properties from both, the mathematical and the physical point of view [ARS] , [Sa97] , [Sa98] , [Sa99] . GRW spacetimes are also particular cases of multiwarped spacetimes, whose geodesic connectedness has been recently studied by using a topological method [FS] . They can be also seen as splitting type manifolds, studied in [Ma, Chapter 8] , or as a type of Reissner Nordström Intermediate spacetimes, studied in [Gi] , [GM] . Nevertheless, we will see here that the results for GRW spacetimes can be obtained in a simpler approach, and are sharper. In fact, we will develop the following direct point of view.
Given a geodesic γ(t) = (τ (t), γ F (t)) of the GRW spacetime, the component γ F is a pregeodesic of its fiber. So, if dτ /dt does not vanish, we can consider the reparameterization γ F (τ ), and γ will cross a point z 0 = (τ 0 , x 0 ) if and only if x 0 = γ F (τ 0 ). This simple fact yields a result on connectedness by timelike and causal geodesics [Sa97, Theorems 3.3, 3.7] . For spacelike geodesics, the reparameterization γ F (τ ) may fail. This problem can be skipped sometimes by simple arguments on continuity [Sa98, Theorem 3 .2], but we will study systematically it in order to solve completely the problem of geodesic connectedness. Moreover, this will be also the key to solve the other related problems (multiplicity, conjugate points, etc.) After some preliminaries in Section 2, we state the conditions for geodesic connectedness in Section 3. In fact, we give three Conditions (A), (B), (C) of increasing generality, and a fourth Condition (R) which covers a residual case. All these conditions are imposed on the warping function f ; on the fiber, we assume just a weak condition on convexity (each two points x 0 , x ′ 0 can be joined by a minimizing Fgeodesicγ F ), which is known to be completely natural (see [Sa97, Remark 3.2] ). These Conditions are somewhat cumbersome, because they yield not only sufficient but also necessary hypotheses for geodesic connectedness; however, they yield very simple sufficient conditions. For example, (Lemmas 3, 9) if the GRW spacetime is not geodesically connected then f must admit a limit at some extreme of the interval I = (a, b); if this extreme is b (resp. a) then f ′ must be strictly positive (resp. negative) in a non-empty subinterval (b, b) ⊆ (a, b) (resp. (a,ā) ⊆ (a, b)) (moreover, in this case Table 1 can be used). Condition (A) collects when the warping function f has a "good behavior" at the extremes of I = (a, b), in order to obtain geodesic connectedness. This condition is equal to the one obtained in [FS] for multiwarped spacetimes; nevertheless, we will reprove it because a simpler proof is now available and the ideas in this proof will be used in the following more general conditions. Condition (B) takes into account that, when the diameter of the fiber is finite, even a "not so good" behaviour of f at a extreme, say b, may allow the following situation: a fixed point z 0 = (τ 0 , x 0 ) can be connected to z
, where τ ′ 0 is close enough to b, by means of a geodesic γ(t) = (τ (t), γ F (t)) such that τ (t) points out from τ 0 to b and, perhaps, "bounces" close to b. Condition (C) takes into account that, even when Condition (B) does not hold, the following situation in the previous case may hold: a geodesic which points out from τ 0 to the extreme a, bounces close to a and comes back towards b, may connect z 0 and z ′ 0 . Condition (C) is shown to be the more general condition for geodesic connectedness, except in a case: if the limit of f at both extremes a, b is equal to the supremum of f , and this supremum is not reached at I, then z 0 and z ′ 0 perhaps could be joined by geodesics which bounces many times close to a and b. Examples of the strict implications between the different Conditions are provided. In Section 3 we also state our results on existence of connecting geodesics, which are proven in Section 4:
1. either condition (C) or (R) is sufficient for geodesic connectedness (Theorem 1) 2. if we assume a stronger condition of convexity on the fiber (each geodesicγ F above is assumed to be the only geodesic which connects x 0 , x ′ 0 ) then one of this two conditions (C) or (R) is also necessary (Theorem 2); the necessity of this stronger convexity assumption is also discussed, 3. under Condition (A) (or, even in some cases (B)), if the topology of F is not trivial then each two points z 0 = (τ 0 , x 0 ), z are not conjugate, which will be shown to be less restrictive), then there are at most finitely many timelike geodesics joining them (Theorem 3) and (iii) if the fiber is strongly convex then there exist at most one connecting causal geodesic (Theorem 2).
This machinery is used in Section 5 to obtain a precise relation between the conjugate points of a geodesic in I × F and its projection on F (Theorem 4, Corollary 1). From this result, Morse-type relations, which relate the topology of the space of curves joining two non-conjugate points and the Morse indexes of the geodesics joining them, are obtained (see Corollary 2 and the discussion above it). We remark that Morse indexes are defined here in the geometrical sense "sum of the orders of conjugate points" because, for any spacelike geodesic, its index form is positive definite and negative definite on infinite dimensional subspaces (if dimF > 1). About this kind of problem, the following previous references should be taken into account. Conjugate points of null geodesics in globally hyperbolic spacetimes were studied by Uhlenbeck [Uh] , and we also make some remarks in Section 5 relating our results. In a general setting, conjugate points on spacelike geodesics were studied by Helfer [He] , who also considered the Maslov index of a geodesic. He showed that these conjugate points may have very different properties to conjugate points for Riemannian manifolds (unstability, non-isolation...), but these problems can be skipped in our study. In [BM] (see also [Ma, Section 5] ), an attempt to obtain a Morse Theory for standard stationary manifolds is carried out, and in [GMPT] , an index theorem (in terms of the Maslov index) appliable in particular to stationary manifolds, is obtained. On the other hand, some recent articles study a Morse theory for timelike or lightlike geodesics joining a point and a timelike curve, see [GMPb] and references therein. Tipically, these results are stated for strongly causal spacetimes (including so all GRW spacetimes), and they need an assumption on coercivity which not necessarily holds under our hypotheses. It is not difficult to check that our results are also appliable to face this problem.
In Section 6 we particularize the previous results to two cases. First, Subsection 6.1, when the fiber is also an interval of R. In this bidimensional case, the opposite metric −g f is standard static, and we reobtain and extend the Theorem in [BGM] . We recall that the proof in this reference is obtained by a completely different method, which relies in the function spectral flow on a geodesic (see the Remark (2) to Theorem 4 for noteworthy comments about this approach). Finally, in Subsection 6.2 we consider the case Ric(∂ t , ∂ t ) ≥ 0. This condition is natural from a physical point of view. In fact, the stronger condition Ric(v, v) ≥ 0 for all timelike v, is called the timelike convergence condition, and says that gravity, on average, attracts. Condition Ric(∂ t , ∂ t ) ≥ 0 is equivalent to f ′′ ≤ 0, and this inequality implies Condition (A) if f cannot be continuously extended to positive values at any extreme. Corollary 6 summarizes our results in this case. We finish with an extension, in our ambient, of a result in [Uh] (Corollary 7).
Preliminaries
Let (F, g) be a Riemannian manifold, (I, −dτ
2 ) an open interval of R with I = (a, b) and its usual metric reversed, and f > 0 a smooth function on I. A GRW spacetime with base (I, −dτ 2 ), fiber (F, g) and warping function f > 0 is the product manifold I × F endowed with the Lorentz metric:
where π I and π F are the natural projections of I × F onto I and F , respectively, and will be omitted when there is no possibility of confusion.
A Riemannian manifold will be called weakly convex if any two of its points can be joined by a geodesic which minimize the distance; if, in addition, this geodesic is the only one which joins the two points it will be called strongly convex (recall that these names does not coincide with those in [Sa97] ). Of course, if the Riemannian manifold (F, g) is complete then it is weakly convex by the Hopf-Rinow theorem, but the converse is not true; a detailed study of when a (incomplete) Riemannian manifold is weakly convex can be seen in [BGS] . It is well-known that Cartan-Hadamard manifolds (i.e. complete, simply connected and with non-positive curvature) are strongly convex and, of course, so are locally all Riemannian manifolds; more results on strong convexity can be seen in [GMPa] . We will denote by d the distance on F canonically associated to the Riemannian metric g, and by diam(F ) its diameter (the supremum, possibly infinity, of the d-distances between points of F ).
Given a vector X tangent to I × F we will say that X is timelike (resp. lightlike, causal, spacelike) if g f (X, X) < 0 (resp. = 0, ≤ 0, > 0); the timelike vector field ∂/∂τ fixes the canonical future orientation in I × F . Given z, z ′ ∈ I × F , we will say that they are causally [resp. chronologically] related if they can be joined (z with z ′ or viceversa) by a future-pointing non-spacelike [resp. timelike] piecewise smooth curve.
Let γ : J → I × F , γ(t) = (τ (t), γ F (t)) be a (smooth) curve on the interval J . It is well-known that γ is a geodesic with respect to g f if and only if
on J , where D/dt denotes the covariant derivate associated to γ F and c is the
with D = g f (dγ/dt, dγ/dt) and ǫ ∈ {±1}. Note that if c = 0 then d 2 τ /dt 2 ≡ 0, that is, the geodesics on the base I are naturally lifted to geodesics of the GRW spacetime, as in any warped product. For all the other geodesics, it is natural to normalize choosing them with c = 1. This normalization will be always chosen, except in Section 5 where the formulas will be explicitly taken with a different normalization. All geodesics will be also assumed inextendible, that is, with a maximal domain.
By equation (3), each (non-constant) γ F is a pregeodesic of (F, g), so if we consider the reparametrizationγ F (r) = γ F (t(r)) where
(in a maximal domain) we obtain thatγ F is a geodesic of (F, g) being
.
From now on, we will assume that (F, g) is weakly convex for any result where geodesic connectedness is involved; such assumption has proven to be completely natural [Sa97] , [Sa98] , [FS] . In fact, as an immediate consequence of (2) and (3) we have:
Lemma 1 There exists a geodesic joining z 0 = (τ 0 , x 0 ) and z
Now, the case when the geodesicγ F can be reparameterized by using τ ∈ (a * , b * ) as a parameter (for some interval (a * , b * )) will be considered.
and ǫ = ±1. When this reparameterization can be done in such a way that if τ goes from τ 0 to τ ′ 0 the integral of h ǫ is exactly equal to the distance between x 0 , x ′ 0 ∈ F , then a geodesic joining (τ 0 , x 0 ) and (τ ′ 0 , x ′ 0 ) can be constructed, yielding so:
Lemma 2 There exists a geodesic connecting z 0 = (τ 0 , x 0 ) and z
where
(In this case ǫ = 1.) When the reparameterizationγ(τ ) fails then the points where the denominator of h ǫ goes to zero must be especially taken into account. Firstly, we will specify the maximal domain of h ǫ . Fix D ∈ R such that 1/f 2 (τ 0 ) ≥ D and consider the subsets
Now, it is not difficult to check that Lemma 2 also holds if we assume the following convention for the integral (8).
Convention 1 From now on integral (8) will be understood in the following generalized sense: for ǫ = 1, if 
If this last inequality does not hold and a ⋆ = a, then the procedure must follow reversing the sense of integration (τ ′ 0 ≥ a * ) as many times as necessary in the obvious way. Analogously, when ǫ = −1, first member of (8) means either
Remark 1 From (7), fixed ǫ ∈ {±1}, for each D ∈ R we have at most one τ 
Conditions for geodesic connectedness
Now, we are ready to stablish four conditions (Conditions (A), (B), (C), (R)) on the warping function f which, independently, ensure the geodesic connectedness of the GRW spacetime (Lemma 8, Lemma 9 and Theorem 1). Roughly, Condition (A) implies not only the geodesic connectedness but also that every (τ 0 , x 0 ) ∈ I × F can be joined with any point (τ
is weaker than Condition (A), and implies not only geodesic connectedness but also that if Condition (A) does not hold at b (resp. a) then any (τ 0 , x 0 ) ∈ I × F can be joined with a point (τ ′ 0 , x ′ 0 ) with τ ′ 0 close enough to b (resp. a) by means of a geodesic with ǫ = 1 (resp. ǫ = −1), and perhaps using Convention 1 once close to τ ′ 0 . Condition (C) is the most general condition for geodesic connectedness, which just drops a residual case covered by Condition (R).
Definition 1 Let f : (a, b) → R be a smooth function and let
Condition (A) for f . Either 1/f 2 does not reach at b [resp. a] a relative minimum in the sense of Definition 1 or, otherwise, 
) is given by (11).
Remark.
(1) Note that the uniform convergence of f −2 ( 
Obviously Condition (A) implies Condition (B), but the converse is not true as the following example shows.
Example. Consider the function 1/g 2 (τ ) = 1 − τ defined on (0, 1). Modify this function smoothly on {I n } n∈N , I n = (a n , b n ), a n , b n → 1, a n < b n < a n+1 in such a way that the modified function 1/f 2 satisfies 1/f 2 > 1/g 2 on I n , ∀n ∈ N and ; this is possible by taking 1/f 2 with derivative small enough in (a n , an+bn 2 ) (for example, if this derivative vanishes at an+bn 2 the integral (12) will be infinite). Fig. 1 ).
Lemma 3 If Condition (B) does not hold at
Proof. Reasoning for b < ∞, assume that Condition (B) does not hold at b. Then 1 f 2 reaches a relative minimum at b and
From Lemma 3 it is natural to construct Table 1 , where it is assumed that f is continuously extendible to b (the Table for a would be analogous, but reversing the sign of the corresponding β).
The following definition, necessary to state Condition (C), is appliable when Condition (B) does not hold.
Definition 3 Assume that the function
given by (11).
Note that this definition is independent of the choice of τ 0 . Condition (C). Either 1/f 2 does not reach at b [resp. a] a relative minimum or, otherwise, either
Again Condition (B) implies obviously Condition (C), and a counterexample to the converse is shown.
Example. Let 1/f 2 be the function in previous example. We have that the smooth functionf defined on (−1/N, 1) such that
Then it is sufficient to take (F, g) such that 2d b < diam(F ) (see Fig. 2 ).
For the remaining residual case, we need the following definition, where Convention 1 is explicitly used.
If some extreme of I is infinite, previous definition must be understood in the natural way (see comments above formula (27)) Recall that r
) and the sequence {r n i (τ 0 )} n∈N is strictly increasing to ∞ (resp. replacing i or r by s or l).
Condition (R). Assume
for every τ 0 ∈ I.
is clear that Condition (C) holds if and only if Condition (B) holds; moreover Condition (R) is less restrictive than Condition (B). In fact, when Condition (A) holds then r
0 i (τ 0 ) = ∞ = l 0 i (τ 0 ) for all τ 0 ∈ I, thus Condition (R) is automatically satisfied. When Condition (A) does not hold then if 2d b ≥ diam(F ) (i.e. Condition (B) holds at b) then r 0 s (τ 0 ) ≥ diam(F ) for all τ 0 ∈ I (
and, thus Condition (R) holds).
Condition (C) and Condition (R) provides us accurate sufficient hypotheses for geodesic connectedness, as the following two theorems show. (For the sake of completeness, we also state the result on connection by causal geodesics, already contained in [Sa97, Theorems 3.3, 3.7] ).
) be a GRW spacetime with weakly convex fiber (F, g). Then:
) and, in this case, they can be joined with at least one timelike (resp. non-spacelike) geodesic.
(
ii) If Condition (C) or Condition (R) holds then the GRW spacetime is geodesically connected.
When the fiber is strongly convex, Condition (C) or Condition (R) becomes also necessary:
) be a GRW spacetime with strongly convex fiber (F, g). Then:
(i) Each two causally related points can be joined with exactly one (necessarily non-spacelike) geodesic.
ii) The GRW spacetime is geodesically connected if and only if either Condition (C) or Condition (R) holds.
From its proof, it is clear the naturality of the strong convexity assumption. However we discuss, below the proof of Theorem 2, what happens if just weak convexity is assumed.
As a consequence of our technique, we also obtain the following result on multiplicity: Remark. From results in Section 5, it will be clear that to impose the nonconjugacy of x 0 , x ′ 0 as above, is less restrictive than to impose the non-conjugacy of z 0 , z ′ 0 . On the other hand, the completeness of the fiber in Theorem 3 can be replaced for a convexity assumption of the Cauchy boundary, as in [BGS] .
Proof of Theorems
Consider a GRW spacetime (I × F, −dτ 2 + f 2 g) with weakly convex fiber (F, g).
Lemma 4 Using the notation (11), the function in D
Proof. We will check that every convergent sequence
(the case with a * is analogous). We can consider the following possibilities:
(i) If 
Recall that the integrals not necessarily varies continuously when D = m r , m l . In what follows we will use the function τ (K) defined in Remark 1, and follow the notation:
Proof. Firstly, we will check that every convergent sequence
∞ * , so the proof follows from Lemma 4.
(ii) If , which implies the continuity of τ at 0.
So, we have just to prove that if
can be continuously extended as τ (0) = τ 0 . Fixed ǫ > 0, the limit of (and, thus, K → 0), from which the result follows. 2
Proof. Reasoning for
− K 0 . Therefore, lim KցK 0 τ (K) = a (otherwise, it would contradict that K 0 is the infimum again) and the the result follows from the first assertion in Lemma 5. 2
Lemma 7 If the domain D contains K
+ > 0 and K − < 0, and the inequality τ − < τ + holds, then we can connect (τ 0 , x 0 ) with, at least,
Now, a first result on geodesic connectedness can be stated.
Lemma 8 A GRW spacetime (I × F, −dτ 2 + f 2 g) with weakly convex fiber (F, g) and satisfying Condition (A) is geodesically connected. . Then
∞ and, thus, there exist a * < τ − < τ 0 < τ + < b * such that
. By using Lemma 7 we can connect (τ 0 , x 0 ) with [τ
(resp.
is greater than L when D → m r (resp. D → m l ) and the limit is 0 when D → −∞; so, (τ 0 , x 0 ) can be connected with (τ
. Assume, say, τ 0 < τ ′ 0 ; then
(the remaining case is analogous). If, for certain δ > 0,
we can follow an argument as in (i).
Otherwise, let τ + be such that
Fixed ǫ > 0, the limit of 
Finally, from Lemma 6, we can also connect (τ 0 , x 0 ) with (a,
Lemma 9 A GRW spacetime (I × F, −dτ 2 + f 2 g) with weakly convex fiber (F, g) and satisfying Condition (B) is geodesically connected.
and we consider first that this inequality is strict. Then, fixed δ > 0 such that a + δ < τ 0 , τ ′ 0 and τ 0 , τ
, which is a contradiction because
So, the geodesics corresponding to K Now, we are ready to prove our main result on connectedness. The proof of (ii) in Theorem 1 is the consequence of the following two Propositions.
) be a GRW spacetime with weakly convex fiber (F, g) and satisfying Condition (C). Then it is geodesically connected.
Proof.
this is the only relevant case to study). As
On the other hand, as 2d a ≥ L, for D r 2 < D r 1 near enough to m l we have
). Thus, the result follows from Lemma 7. 2
) be a GRW spacetime with weakly convex fiber (F, g) and satisfying Condition (R). Then it is geodesically connected.
Proof. We will use sistematically that if D is close enough to m and D > m then
, L > 0 be, and consider the following two cases:
if n = 0. Reasoning similarly to the left, we obtain analogous
But the limit of
Therefore, we obtain the connectedness of (τ 0 , x 0 ) with (τ From Theorem 1 there exist a non-spacelike geodesic γ : J → I × F , γ(t) = (τ (t), γ F (t)) joining them. As (F, g) is strongly convex, necessarily In order to prove (ii) assume that neither Condition (C) nor Condition (R) hold and consider the following cases. In the first three ones we will assume that Condition (R) is not appliable, and Condition (C) does not hold at b (at a would be analogous). Recall that, from Lemma 3, 1/f 2 is decreasing at b; in the first case b is a non-unique absolute minimum; in the second, b is the unique absolute minimum, which is simpler; in the third, b is not an absolute minimum, which oblies to use properly the definition of i b . In the fourth case, Condition (R) is appliable, but it does not hold (neither does Condition (C), see Remark 2).
(i) Assume that b is a relative minimum of 1/f 2 and m = m b is reached at a point τ m ∈ (a, b).
).
As τ m is a minimum,
). 
for some ǫ > 0 such that 2d b + 2ǫ < diam(F ). From the continuity stated in Lemma 4, there exist δ > 0 such that inequality (23) (τ 0 ) with r n s (τ 0 ) < diam(F ) for certain n ≥ 0 and τ 0 ∈ I (see the comments below Definition 4). Fix
(τ 0 ). These inequalities imply for n ≥ 1 that there exist ǫ > 0 such that
for k = n + 1, k ′ = n and, thus, for all k ≥ n + 1 and k ′ ≤ n. But this implies that, for some δ > 0 with b
for k ≥ n + 1, k ′ ≤ n (there are analogous inequalities when n = 0). Therefore, (τ 0 , x 0 ) cannot be geodesically connected with (τ
Next, we will see what happens if we assume just weak convexity in Theorem 2 and Condition (R) is appliable (a similar study could be done if Condition (C) is appliable instead). As a consequence, we will give a proof of the (well-known) non-geodesic connectedness of de Sitter spacetime. It should be noticed that previous proofs use the high degree of symmetry of this spacetime [CM] , [Sc] . In our proof we will see what is the exact role of this symmetry.
. equal to the quantities in Definition 4 but without taking the limit ǫ → 0 (the extension of this new definition when a = −∞ or b = ∞ is obvious, see de Sitter spacetime below). Now, consider:
and also
From the proof of Theorem 2 z 0 can be joined with [a + ǫ 0 , b
for some ǫ < ǫ 0 . Moreover, it is also clear that z 0 cannot be joined with the points in (a, a + ǫ 0 ) × {x
For de Sitter spacetime, I = R, f = cosh and the fiber is the usual sphere of radius 1. Recall that when the interval I is not bounded, we must replace b − ǫ (if b = ∞) and −(a + ǫ) (if a = −∞) by M > 0, and the limit ǫ → 0 must be replaced by M → ∞. Take z 0 = (0, x 0 ); by Definition 4 (M → ∞) we have:
For M = 0, the new definitions r 
From the two limit cases (27), (28), it is clear that condition (26) is fulfilled for any M > 0. So z 0 cannot be joined by means of a geodesic with (−∞, 0) × {x
Summing up, for de Sitter spacetime the "symmetries" of its warping function are essential in order to have enough "holes" in A ǫ 0 and B ǫ 0 , where all the elements of L lie. But the only relevant symmetry of the fiber is that there are two points x 0 , x ′ 0 such that the lengths of the geodesics which joins them has a constant gap. In our case, this gap (2π) and the symmetries of f fits well when
As we checked in Lemma 8 and Lemma 9, inequalities (29) allow us to obtain a geodesic joining z 0 and z ′ 0 with component on the fiber a reparameterization ofγ F (r) (recall that in these lemmasγ F (r) was always taken as a minimizing F −geodesic, but the minimizing property was used just to ensure that (29) hold). It is straightforward to check that these inequalities also hold if b * (m r ) < b or a < a * (m l ), because the corresponding integral is then infinite.
If (F, g) is complete and F is not contractible then, fixed x 0 , x ′ 0 ∈ F , there exist a sequence of geodesicsγ Proof. Otherwise, from the compactness of {v ∈ T p M :| v |≤ L}, we would obtain a sequence
Then, v 0 would be a singular point of exp p and, thus, p and q would be conjugate for the geodesic γ(t) = exp p (t · v 0 ) t ∈ R, which is a contradiction. 2
Remark. In the proof of Theorem 3 we have used that, for a complete Riemannian manifold which is non-contractible in itself, infinitely many geodesics joining p and q exist, and there is a sequence of them with diverging lengths. So, in this case, Lemma 10 says that if p, q are not conjugate then any sequence of geodesics joining them have diverging lengths. In particular, the number of geodesics joining two non-conjugate points of a complete Riemannian manifold must be enumerable.
5 Conjugate points and Morse-type inequalities.
In order to prove results on conjugate points, it seems more natural to consider all the geodesics obtained by varying a fixed one with the same speed D. So, we will drop previous normalization c = 1 for geodesics non-tangent to the base. The only modification in previous formulae which we will have to bear in mind is that, now, (5) reads dt dr
so, the definition of h in (7) must be changed to
) be two points of the GRW spacetime (I ×F, −dτ 2 +f 2 g) with n-dimensional fiber (F, g). Assume that γ(t) = (τ (t), γ F (t)) is a geodesic which joins them, being γ F (t) the reparameterization of a non-constant F -geodesicγ F , and that z 0 , z 
. Let E i (t), i ∈ {1, . . . n} be orthonormal parallel fields along γ which span the orthogonal to γ ′ . A vector field J(t) = i a i (t)E i (t) along γ is a Jacobi field if and only if each function a i (t) is a solution of the Sturm differential equation:
But, clearly, f (t) is also a strictly positive solution of (32). Thus, if a(τ 0 ) = 0 and a
, as required. (2) Moreover, for any τ > τ 0 , replace (32) by the spectral equation (see [BGM] ):
λ τ ∈ R, with boundary conditions a(τ 0 ) = a(τ ) = 0. A simple Sturm argument shows that if τ <τ then λ τ > λτ ; that is, the spectral flow λ(τ ) ≡ λ τ is decreasing. This also holds for the static bidimensional case (see the next section), and should be compared with [BGM] . At any case, the main result of [BGM] can be reobtained, as we will see in the next section; independently, it is also reobtained in [GMPT] , in the general setting of geodesics admitting a timelike Jacobi field.
Proof of Theorem 4.
Step 1. For any geodesic γ, m 
is parallel to the initial velocity ofγ F , and we have just to prove that there exist a direction of conjugacy ofγ F between x 0 , x ′ 0 in each plane
There exist a non-constant continuous curve β i (s) ∈ W i i = 1, . . . , m − 1 such that
In fact, we take
where µ i (s) is the length of the pregeodesic
, and we had to prove that (dexp x 0 ) w 0 restricted to W i is singular. Otherwise, β i (s) would be smooth around 0 from (35). From (36), 0 = β ′ i (0) ∈ W i , and from (34) and (35), β
Step 2. If γ is causal then m ′ ≥ m. We will check that if γ is not tangent to the base but it is causal (or any geodesic without zeroes in the derivative of the timelike component) then {v 1 , . . . , v m } are tangent to the fiber. So, f = ∞ all null geodesics are future-complete [Sa98] and the GRW spacetime not only is not extendible through b as a GRW spacetime but also it is not extendible as a spacetime; compare all this discussion with [Uh, p. 73] ). When the fiber is weakly convex the necessary and sufficient conditions to ensure that, for any geodesic γ non-tangent to the base, γ F will cover allγ F are the "non-escape" equalities
for certain c ∈ (a, b) (see [FS, Lemma 4] ). Recall that this condition implies Condition (A) and, so, the spacetime will be geodesically connected. Remark. This result allows to extend, in our ambient, the ones by Uhlenbeck for null geodesics [Uh] to all causal geodesics. For instance, normalize all causal geodesics (non tangent to the base) such that c ≡ ( Recall that in [Uh] the conformal invariance of null conjugate points is explicitly used, but this invariance does not hold for timelike geodesics (bidimensional antide Sitter spacetime, which is globally conformal to a strip in Lorentz-Minkowski spacetime, is a simple example); this makes necessary our approach.
Theorem 4 and equalities (42) can be also combined to yield Morse relations as follows. Fix two non-conjugate points
where β q is the q-th Betti number of Ω(z 0 , z ′ 0 ) for homology with coefficients in K,
be the Morse polinomials of z 0 , z ′ 0 (resp. x 0 , x ′ 0 ), i.e.ā q (resp a q ) is the number of geodesics joining z 0 and z ′ 0 (resp. x 0 and x ′ 0 ) with Morse index equal to q, where the Morse index of a geodesic connecting two fixed non-conjugate points is the sum of the indexes of conjugate poins to the first point along the geodesic. Then, under the hypotheses of Theorem 3 and from Theorem 4:
In particular, if the polinomials are finite then
) is a complete Riemannian manifold, then the well-known Morse relations implies the existence of a formal polinomial, with non-negative integer coefficients
Remark. In general, it is not true that a 0 ≥ā 0 or a q−1 + a q ≥ā q . Recall that many geodesics in the GRW spacetime connecting z 0 , z ′ 0 may project on the same pregeodesic of F . A simple counterexample of this is de Sitter spacetime (with a straightforward modification, one can also get that hypotheses in Theorem 3 are fulfilled). So, inequalities (44) 
Applications

Two dimensional case
Next we will particularize previous results to bidimensional GRW spacetimes with strongly convex fiber (necessarily an interval (J, dx 2 )). Recall that in this case the opposite metric −g f is also Lorentzian and, in fact, it corresponds to a static (standard) spacetime. The chronological relation can be now extended for noncausally related points, just defining that two points are spacelike related if they are chronologically related for −g f . In fact, we will simplify our terminology with the following (re-)definition. From Theorem 4 and the fact that there are no conjugate points on a manifold of dimension 1, we have:
Corollary 4 In a GRW spacetime (I×J, −dτ 2 +f 2 dx 2 ) no geodesic γ(t) = (τ (t), γ F (t)) without zeroes in dτ /dt have conjugate points.
In particular, causal geodesics are free of conjugate points. Now, consider a bidimensional static spacetime, say (K × J ⊆ R 2 , g S = dy 2 − f 2 (y)dx 2 ) where g S can be seen as the reversed metric of a GRW spacetime. Summarizing the conclusions of Lemma 11 and Corollaries 3, 4, the following extension of Theorem 1.1 in [BGM] can be given (see also [GMPT, Prop. 6.6] ). For the last assertion (ii), recall that it is straightforward from Theorem 2 under strongly convexity. But, from the proof of this theorem, this assumption can be dropped because f ′′ ≤ 0 (recall that then Conditions (A), (B), (C) are equivalent and Condition (R) is not appliable).
Finally, we give a further consequence of equalities (42):
Corollary 7 Consider a GRW spacetime (I × F, g f ) which is globally hyperbolic and satisfies the non-escape equalities (42) , and fix D 0 ≤ 0. If any geodesic γ(t) = (τ (t), γ F (t)) starting at z 0 = (t 0 , x 0 ) and having associated values D, c equal to D 0 , 1, respectively, is free of conjugate points then the fiber can be covered topologically by R n , being n = dimF .
Proof. Under this assumption the F-geodesics starting at x 0 have no conjugate points and so, as F is complete, exp x 0 : T x 0 F ≡ R n → F is a surjective local diffeomorphism. Taking the pull-back metric on T x 0 F , a local isometry with domain a complete manifold (and so a Riemannian covering) is obtained. 2
Remark. The assumption on conjugate points when D 0 = 0 holds if in the future of z 0 we have R(X, Y, Y, X) ≤ 0 whenever X, Y span a degenerate plane on a lightlike geodesic starting at z 0 (see [BEE, Th. 10 .77]); moreover, the non-escape inequalities (42) can be reduced to 
